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Abstract
In this paper, we will examine the problem of violation of causality in f(R, T ) modified gravity, where
R is the Ricci scalar and T is the trace of the energy-momentum tensor Tµν . We investigate the causality
problem in two special cases, in the first we consider the matter content of the universe as a perfect fluid
and in the second case, the matter content is a perfect fluid plus a scalar field.
∗
celso.ferst@fisica.ufmt.br
†
alesandroferreira@fisica.ufmt.br
1
Observational data confirm that the universe is expanding at an accelerated rate [1–3]. In recent
years, a lot of researchers are in search to answer the question: what causes this acceleration in
the universe? Currently, there are two different possibilities that attempt to explain this fact: one
indicates that the agent responsible for the accelerated expansion of the universe is a component of
the energy density of the universe, which is approximately 68% of the energy density of the universe
[4], called dark energy, and the other possibility is to modify the gravitational theory, i.e., modify
the general relativity. There are numerous models of gravitation alternative to general relativity,
called modified theories of gravity, as an example we can mention the Chern-Simons gravity [5, 6],
where the modification consists of adding a term that leads to parity violation, another model is
the Einstein-Aether gravitational model [7, 8], that is a model that displays Lorentz symmetry
violation. We can as well cite the Horava-Lifshitz gravity [9] an anisotropic gravitational theory,
where is introduced the Lifshitz symmetry which promotes anisotropy between space and time.
A model that has attracted attention in recent years is f(R) gravity, a revision of this model
can be found in [10–12]. This theory arises when we replace in the Einstein-Hilbert action the
Ricci scalar R by any function f(R). It offers an alternative means to explain the present cosmic
acceleration without involving any exotic component, i.e., dark energy, or the existence of additional
spatial dimensions. Another theory is f(R,T ) gravity, which is a generalization of f(R) gravity
and was first introduced in [13]. In this case, the Ricci scalar R in the Hilbert-Einstein action, is
changed by some function that dependent of the Ricci scalar R and of T , the trace of the energy-
momentum tensor Tµν . The dependence of T can be induced by imperfect fluids or conformal
anomalies coming from quantum effects. This gravitational model has been intensively investigated
in recent years, as examples we can mention: some cosmological aspects have been investigated
in [14–17], in [18–20] the energy conditions were considered, the thermodynamic properties were
analyzed in [21–24], in [25] wormhole solution was examined in the setting of the f(R,T ) gravity,
other interesting discussions can be seen in [26–28].
In the work [29] was investigated the Gödel universe in the f(R,T ) modified gravity theory,
where it was shown that for a given choice of the cosmological constant and of the energy density
this solution also takes place in the f(R,T ) gravity as well as in general relativity. The Gödel
universe, proposed in 1949 [30], is a model of universe that has as main feature the possibility of
closed time-like curves (CTC’s), i.e., at least in theory, it would be possible to have time travel, but
specifically, turn back to the past. In this paper, we consider a Gödel-type metric in the context of
gravity f(R,T ) in order to generalize the study realized in [29] and the study done in [31] for f(R)
gravity, which is a generalization of the study realized in [32]. We want to determine the critical
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radius, which determines the existence of CTC’s, for two cases: (i) content of matter, it is only a
perfect fluid and (ii) matter is composed of a perfect fluid plus a scalar field.
The action that describes this gravity model is given by [13]
S =
1
16piG
∫ √−g [f(R,T ) + 16piGLm] d4x, (1)
where f(R,T ) is a function of the Ricci scalar R and of the trace of the energy-momentum tensor
T . If f(R,T ) = R, this for the case in which T = 0, we recover the usual Einstein-Hilbert action.
Lm is the Lagrangian of matter, from which we can define the energy momentum tensor as
Tµν = − 2√−g
δ(
√−gLm)
δgµν
. (2)
Assuming that Lm only depends on the components gµν and using the fact that
δ
√−g = 1
2
√−ggµνδgµν , (3)
and that
gµνδgµν = −gµνδgµν , (4)
we find for the energy-momentum tensor that
Tµν = gµνLm − 2∂Lm
∂gµν
. (5)
Varying the action with respect to the metric tensor gµν we find the equations of motion as
fR(R,T )Rµν − 1
2
f(R,T )gµν + (gµν−∇µ∇ν)fR(R,T )
= 8piGTµν − fT (R,T )Tµν − fT (R,T )Θµν , (6)
where Rµν is the Ricci tensor, fR(R,T ) =
∂f(R,T )
∂R
, fT (R,T ) =
∂f(R,T )
∂T
and
Θµν ≡ gλρ
δTλρ
δgµν
. (7)
To obtain a relation between the Ricci scalar and the trace of the energy-momentum tensor we
contract the equation (6) so that we find
fR(R,T )R + 3fR(R,T )− 2f(R,T ) = 8piGT − fT (R,T )T − fT (R,T )Θ, (8)
where Θ = gµνΘµν is the trace of the tensor Θµν .
Using the equation (5) we can write the tensor Θµν , equation (7), as
Θµν = −2Tµν + gµνLm − 2gαβ ∂
2Lm
∂gµν∂gαβ
. (9)
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Assuming that the matter content is a perfect fluid, whose energy momentum tensor is given by
Tµν = (ρ+ p)uµuν − pgµν , (10)
and that the Lagrangian of matter can be given by
Lm = −p, (11)
we get
Θµν = −2Tµν − pgµν . (12)
Now we will discuss the problem of causality in this gravity model, in the context of space-time
of Gödel, more specifically Gödel-type metric given by [31, 33]
ds2 = [dt+H(r)dφ]2 −D2(r)dφ2 − dr2 − dz2, (13)
where
H(r) =
4ω
m2
senh2
(mr
2
)
, (14)
D(r) =
1
m
senh (mr) . (15)
The parameters ω and m characterize all types of Gödel-types metrics. We can rewrite the metric
(13) as
ds2 = dt2 + 2H(r)dtdφ − dr2 −G(r)dφ2 − dz2, (16)
with G(r) = D2(r) − H2(r). Here it is observed that the existence of closed time-like curves is
related to the behavior of the function G(r) and from which one can determine a critical radius rc,
in an interval said r1 < r < r2, beyond which closed time-like curves (CTC’s) exist [31]. Using the
functions (14) and (15) in the function G(r) we find that [33]
senh2
(mrc
2
)
=
(
4ω2
m2
− 1
)−1
. (17)
We can analyze the equation (17) for two important cases, which relate the parameters of the
geometry ω and m:
Case I: m2 = 2ω2
In this case we find
senh2
(mrc
2
)
=
(
4ω2
2ω2
− 1
)−1
,
rc =
2
m
senh−1(1), (18)
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a similar result to that obtained by self K. Gödel in 1949 [30], i.e., we obtain a finite critical radius
and thus we have a violation of causality, since we have a region of space-time that exhibits closed
time-like curves.
Case II: m2 ≥ 4ω2
In this case, the region where the causality is violated is avoided because when we substitute
m2 = 4ω2 in the equation (17) we obtain
rc → +∞. (19)
With the purpose of simplifying calculations with equations of motion we use the choice of base
proposal in [33],
ds2 = ηABθ
AθB, (20)
where ηAB = diag(+,−,−,−) is a flat metric and
θ0 = dt+H(r)dφ, θ1 = dr,
θ2 = D(r)dφ, θ3 = dz. (21)
With this choice and noting that from the geometry (13) we find that the derivatives of the
function fR vanish because R = 2(m
2 − ω2), we can rewrite the equations of motion as
fRGAB = κ
2TAB − fT (TAB +ΘAB)− 1
2
[
f + κ2T − fT (T +Θ)
]
ηAB . (22)
Now let’s analyze the equations of motion for a given content of matter and energy. First, let’s
consider that the source of matter is a perfect fluid whose energy-momentum tensor, in the base
chosen in (20), is given by
TAB = (ρ+ p)uAuB − pηAB, (23)
where ρ is the energy density, p is the pressure and uA = (1, 0, 0, 0) is the four-velocity of the fluid.
From the expression of the energy-momentum tensor we can calculate the trace of this quantity
given by
T = ηABTAB = ρ− 3p. (24)
Yet in this basis, we can rewrite the tensor (12) as
ΘAB = −2TAB − pηAB, (25)
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and from it we find that the trace of this tensor is given by
Θ = ΘABη
AB = 2(p − ρ). (26)
Substituting these last relations in the equation of motion (22) we stay with
fRGAB = κ
2TAB + fT (ρ+ p)uAuB − 1
2
[
f + κ2T + fT (ρ+ p)
]
ηAB . (27)
To write all components of the equation of motion above, we find that the non-zero components of
the Einstein tensor are given by
G00 = 3ω
2 −m2,
G11 = G22 = ω
2,
G33 = m
2 − ω2, (28)
and thus the field equations that result are:
2fR(3ω
2 −m2) + f = κ2(ρ+ 3p) + fT (ρ+ p), (29)
2fRω
2 − f = κ2(ρ− p) + fT (ρ+ p), (30)
2fR(m
2 − ω2)− f = κ2(ρ− p) + fT (ρ+ p). (31)
Rearranging the equations (30) and (31) we obtain
(2ω2 −m2)fR = 0, (32)
an equation that is similar to that obtained in [31] for the f(R) gravity. We note that, to have a
f(R,T ) theory, we assume that fR 6= 0, and in this case we obtain that
2ω2 = m2, (33)
Which leads us directly to the Gödel metric, case I explained above, and so we can say that there
is a violation of causality in this gravity model when choosing the perfect fluid as matter content
of the universe. Once this situation displays violation of causality, we can determine the critical
radius, rc, which defines the closed time-like curves, and investigate the dependence of this function
with f(R,T ) and its derivatives with respect to R and T . Manipulating the equations of fields (29),
(30) and (31) we stay with
m2fR + f = κ
2(ρ+ 3p) + fT (ρ+ p), (34)
m2fR − f = κ2(ρ− p) + fT (ρ+ p). (35)
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And of these we find that
1
2
f = κ2 p. (36)
Lastly, if we replace the equation (36) in the equation (34), or in the equation (35), we obtain
m =
√
2κ2ρ+ f + 2fT (ρ+ p)
2fR
. (37)
The critical radius, equation (18), in this case is given by
rc = 2 senh
−1(1)
√
2fR
2κ2ρ+ f + 2fT (ρ+ p)
. (38)
With this result, we see that the critical radius, beyond which causality violation occurs explicitly
depends on the form of the function f(R,T ) and its derivatives, fR and fT , with respect to R and
T , respectively. With this, we note that this result is a generalization of the case obtained for f(R)
gravity.
Until here we saw that, when the content of matter is only a perfect fluid the violation of
causality arises naturally, of a form similar to that occurs in the f(R) gravity. In the attempt of
we find a causal solution for the Gödel-type metric in the f(R,T ) gravity, we go consider that the
distribution of matter is composed of two parts, i.e.,
TAB = T
M
AB + T
S
AB, (39)
where TMAB is the energy-momentum tensor associated with the perfect fluid given by equation (23)
and T SAB is the energy-momentum tensor associated to a scalar field given by
T SAB = ∇AΦ∇BΦ−
1
2
ηAB η
CD∇CΦ∇DΦ, (40)
where ∇A is a covariant derivative with respect the base θA = eAβ dxβ . We go assuming that the
scalar field has a simple form given by: Φ(z) = cz + const, where c is a constant. For this choice
we find that the nonzero components of the tensor (40) are
T S00 = −T S11 = −T S22 = T S33 =
e2
2
, (41)
and the trace of this quantity is given by
T = ρ− 3p+ e2. (42)
With these quantities we can write the field equations (22) as follows
fRGAB = κ
2
[
(ρ+ p)uAuB − pηAB + T SAB
]− 1
2
[
κ2(ρ− 3p+ e2) + f + fT (ρ+ p+ e2)
]
ηAB
+ fT
[
(ρ+ p)uAuB + T
S
AB
]
. (43)
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Using the nonzero components of the Einstein tensor (28) we obtain the following field equations
2(3ω2 −m2)fR + f = κ2(ρ+ 3p) + fT (ρ+ p), (44)
2ω2fR − f = κ2(ρ− p) + fT (ρ+ p), (45)
2(m2 − ω2)fR − f = κ2(ρ− p+ 2e2) + fT (ρ+ p+ 2e2). (46)
Manipulating these equations we can rewrite
κ2e2 + e2fT = (m
2 − 2ω2)fR, (47)
κ2p =
1
2
(2ω2 −m2)fR + 1
2
f, (48)
κ2ρ+ fT (ρ+ p) =
1
2
(6ω2 −m2)fR − 1
2
f. (49)
Assuming that these equations satisfy the conditions fR > 0 and fT > 0 we have that the set of
equations that satisfy a causal solution is
m2 = 4ω2, (50)
fR − e
2
2ω2
fT =
κ2e2
2ω2
, (51)
κ2p = − [κ2ρ+fT (ρ+ p)] = −ω2fR + 1
2
f. (52)
We remember that the relation (50) imply in a critical radius rc →∞ therefore for this combination
of perfect fluid and scalar field the equations above describe a class of equations that no display
violation of causality.
We can conclude that the f(R,T ) gravity, thus as proposed is a generalization of the f(R)
gravity and in this paper we did a generalization for the study of the violation of causality in this
generalized model. First, we study the gravitational model for the case in that the content of
matter is a perfect fluid and we saw that arises naturally a condition that lead us for the violation
of causality and still, we get to observe that the radius critical depend of the gravitational theory
and on the content of matter, more specifically of the energy density, as observed in [31], and also
of the explicit form of fT , i.e., when we consider the f(R,T ) generalized theory we note that the
addition of the dependence of the trace of the energy-momentum tensor modify the critical radius
for the existence of the closed time-like curves in a Gödel-type universe. Investigating the result
obtained for the critical radius and considering fT > 0 it can be observed that the contribution
coming of the f(R,T ) gravity contributes for decrease the critical radius when compared with the
obtained for the case of the f(R) gravity. In the last part of the paper we consider that the content
of the matter of the universe is composed of a perfect fluid together with a scalar field and we note
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that the results found for the f(R) gravity is reproduced for the f(R,T ) gravity, i.e., we do not
have solutions that display the violation of causality.
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